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We review briefly the problem of the discrete ambiguities in the determination of the CKM angles, by classifying 
them into different categories. We then focus on cos 2/3 and the extraction of a using QCD factorization. 



With the hrst measurements in B®,B®(t) — > 
J/^Ks of the CP violating parameter sin 2/3 by 
the collaborations BaBar, BELLE (l) and CDF 
|2|, the main question that arises is whether the 
angles that begin to be measured in experiments 
that test CP violation match the angles that are 
being determined with increasing accuracy in ex- 
periments that measure quantities that conserve 
CP, i.e. the lengths of the sides of the unitarity 
triangle B. The determination of 7 from CP- 
averaged B — > Kit, nir decay rates Ji| also en- 
ters into the latter category. This is of great im- 
portance because it is related to the problem of 
the origin of CP violation, whether the Standard 
Model is the correct answer or if there is some 
other source of it from physics beyond the Stan- 
dard Model. The question of the discrete ambigu- 
ities (multiple solutions) in the determination of 
the CP angles is directly related to the preceding 
issue. 

To begin with, let us point out that there are 
three types of discrete ambiguities : 

1. Ambiguities from incomplete experimental 
information. 

2. Ambiguities from the theory, with exper- 
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imental information (rather) complete, that we 
can call gedanken experiments in the sense that 
their solution asks for data on CP violation that 
can be reached only in the long run. 

3. Ambiguities from the theory, but with 
incomplete experimental information, as is the 
present situation, that presumably will still con- 
tinue for some years. 

1. AMBIGUITIES FROM INCOM- 
PLETE EXPERIMENTAL INFOR- 
MATION 

These are ambiguities related to the selection 
of the observables of some particular process. For 
example, from the CP asymmetry B®, B®(i) — > / 

(e.g. / = 7T+7T-) 
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(twofold discrete ambiguity). 

A possible solution for this kind of ambiguities 
is to look for processes where the decay products 
decay weakly, violating parity, like 



BS,fll{(t)-»AA-»p7r-p7r H 



(4) 



Here, the more complex Lorentz structure (spin 
2 of the A) plus parity violation in the decay al- 
low to reach more observables than in the former 
case, and one can in principle measure || both 

Im (|f) and Re (|f). 

As another example of incomplete experimen- 
tal information that amounts to discrete ambi- 
guities, let us quote the decay B®(t) — » 



J/ipK* 



(1+1-){K-k) CP -- 



Looking at the 



time-dependent angular distributions one can 
measure some correlations, but not all possible 
correlations. The observables that can be reached 
are, in terms of transversity amplitudes [pj : 



|A (t)| 2 , |A,|(i)| 2 , |A x (i)| 2 ,RcA||(i)^5(t), 
ImA ± (t)A* (t) , ImA x (t) A| (t) 



(5) 



Recently, Chiang and Wolfenstein have 
pointed out that observing the lepton polariza- 
tion (i.e. muon polarization, in practice), one can 
reach the missing observables 



JmA {l (t)A* (t),ReAx(t)A* (t), 
ReA±{t)A^(t) 



(G) 



Although Ref. 0] concerns time-integrated pro- 
cesses, the argument is general since the time- 
dependence and the angular dependence factorize 
Q . The argument follows from the fact that the 
quantities @ are PT even, while the quantities 
(|) are PT odd. 

2. AMBIGUITIES FROM THE THE- 
ORY, WITH EXPERIMENTAL IN- 
FORMATION (RATHER) COM- 
PLETE 

These are the ambiguities that arise from the 
interpretation of the observables within a theory. 



One can consider : 1) the Standard Cabibbo- 
Kobayashi-Maskawa Model as the main candi- 
date, where one has three angles (a, (3, 7), or 2) 
as an example of physics beyond the Standard 
Model, the Standard Model plus the possibility 
of a new physics (NP) phase in the B^-B^ mix- 
ing [§, i.e. 



p 



q 

PJ SM 



(7) 



In this case one has still three angles (a, (3, 7) 



a = a + 9 d fi = (3 



7 = 7 



(8) 



But not always (a,/3,7) form a triangle. This is 
a nice example of model (a devil's advocate) that 
exhibits the type of ambiguities that one can have 
without contradicting the unitarity of the CKM 
matrix. In the B®,Bj(t) — » J/ipKs experiments 
one actually measures Q the quantity sin 2/3. 

There are two general theorems, formulated by 
Grossman and Quinn jlTJ and recently reexam- 
ined by Kayser and London 

(i) If (sin 2a, sin 2/3, cos 27) are measured [e.g. 
sin 2a in B®(t) — » 7r + 7r~ ignoring penguins, sin 2/3 
in B°(t) -> J/^Ks and cos 27 in B ± -> DK*], 
there is a 64- fold ambiguity for (a, /3, 7), but 
there is only a two-fold ambiguity if the angles 
form a triangle. The remaining ambiguity can be 
solved by the measurement of cos 2a or cos 2/3, 
or other quantities [jl2). Note that although 
cos 27 does not violate CP, its measurement from 
B ± — > DK^ exploits direct CP-asymmetries. 

(ii) If (sin 2a, sin 2/3, sin 27) are measured [e.g. 
sin 27 in B®(i) — ► p a K$ ignoring penguins], there 
is a 64- fold ambiguity for (a, j3, 7), but a single 
solution if the angles form a triangle. 

In practice, the conditions in which the hy- 
potheses of the above theorems are satisfied need 
some word of caution: were it not for penguin 
contributions, the result (i) would possibly be 
implemented in the long run, while (ii) is virtu- 
ally impossible because, for experimental reasons, 
sin 27 is extremely difficult to measure, even as- 
suming that penguins are negligible in B®(t) — > 
P°K S . 
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3. AMBIGUITIES FROM THE THE- 
ORY, BUT WITH INCOMPLETE EX- 
PERIMENTAL INFORMATION 

One can interpret the data in terms of the the- 
oretical schemes quoted above, but assuming that 
only some quantities are available experimentally 
with relatively small errors. 

One interesting result in this case is the fol- 
lowing : If (sin 2a, sin 2/3) are known (a + 
(3 + 7 = tt) all ambiguities are solved knowing 
sign(cos2a), sign(cos 2/3), sign(sina), sign(sin/3). 
While sign(cos 2a), sign(cos2/3) can in princi- 
ple be obtained in a model-independent way, 
sign(sina), sign(sin/3) can only be obtained in 
a model-dependent way, for which some hadronic 
hypotheses are necessary. 

There has been recent theoretical work on the 
following topics related to different types of dis- 
crete ambiguities : 

(i) Ambiguities linked to the measurement of 
sin 2/3. 

(ii) Ambiguities in the exchange between CP 
and FSI phases. 

(iii) Looking for a in Dalitz plot analysis 

B d (t) -> Tr+TT-TT @||. 

(iv) Ambiguities in the search of a in Bd(t) —* 



and D+D- : 

dtpKs + a D+D- — 2 r DD cosSdd cos 2/3 sin /3 (10) 

where tdd and Sdd are the modulus and phase 
of the ratio of Penguin over Tree amplitudes for 
the mode D + D~ . There is no rigorous theoret- 
ical scheme that allows to calculate these quan- 
tities. If one assumes factorization ^| and knows 
sign(cos 2/3), then one can have an indication on 
sign(sin /3). 

There has been a significant theoretical 
progress concerning methods to determine the 
sign(cos2/3) : 

(i) Dalitz plot analyses B° d (B° d ){t) -> D + D~tt°. 

This method uses the decay chain B d (B d )(t) — > 
D+D**- + D**+D- -> Z)M+.DM~7r . The in- 
terferences in the Dalitz plot allow to obtain 
sin 2/3 and cos 2/3 |fL5| . There is however an irre- 
ductible contamination from Penguins, that be- 
have in the same way as current-current opera- 
tors, AI = ~. However, since the former are per- 
turbatively suppressed and one wants only the 
sign(cos2/3), the method is reasonably safe. One 
can avoid penguin contributions by considering 
the decay B d (t) — > D + D~ K s , up to the price of 
yet poorly known D** resonances. 

The time dependent rate has the form, e.g. for 
B9 -» D+D**- + D**+D- 



We will concentrate here on the points (i) and 
(iv). 

3.1. Ambiguities linked to the measure- 
ment of sin 2/3 
From the measurement of sin 2/3 in 
B d(B° d ){t) -v J/^K S one is left with the four-fold 
ambiguity 



(9) 



To lift these ambiguities one needs to measure 
sign(cos2/3) and sign (sin /3) [[To). 

To obtain sign(sin /3), one can consider the sum 
of the coefficients of sin AMt in two CP asymme- 
tries 10 ll|, corresponding to the modes J/^Ks 



\A (B° d - D+D-n°) (t)\ 2 = e- rt i [\Ai\ 2 + \A 2 \ 2 ] 

{{\f + \ 2 + \.r\ 2 ) + D2R C [f + (ry} 

-cos AMt [R(\f + \ 2 -\r\ 2 ) 
-Z? sin <5 2Im[/+ (/")*]] 
- sin AMt {D (sin(2/3 - 5)\f + \ 2 + sin(2/3 + 5) 

|/-| 2 )+sin2/3 2Re[/+(/-)*] 
+R cos 2/3 2Im[/+ (/")*]]} (11) 
where 



(12) 



o — m 2 R + iIL(s) 

3 Note that the formalism of Ref. does not allow to 
establish factorization for B — > DD in the heavy quark 
limit. 
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is the Breit-Wigner for the decay of D** + or D**~ 
and the amplitudes A 1 = A(B > DD**), A 2 = 
A(B — > DD**) correspond to D** emission and 
to D emission respectively. To obtain |A(£?2 — > 
D + D~ir°)(t)\ 2 one has to change the sign of both 
the sin AMt, cos AMt terms. The parameters D, 
R and the strong phase S are given by 



D = 



2|li| \A 2 \ 



\Ai\ 



\A 2 \ 



R = 



l^il 2 



\A 2 \ 2 



\Ai\* 



\A 2 \ 2 



S = Arg (AtA*) 



(13) 



One sees that the cos 2/3 term is affected by the 
parameter R. 

Two modellings of these decays by the Orsay 
group ]l5| (using factorization, Isgur-Wise func- 
tions from the Bakamjian-Thomas formalism and 
decay constants from lattice QCD), and the Tri- 
este group Jll| (using an effective Lagrangian sat- 
isfying both chiral symmetry and heavy quark 
symmetry) show that the contribution of cos 2/3 
to the time-dependent asymmetry is large enough 
to be identified. 

(ii) Method using B°(B°)(t) ->■ J/Vtp -> 
(£+£~){KK) and comparing to B%(B%)(t) -> 
J/VK* -> (£+£-)(Kir) CP fg. 

In the Bd decay chain there are angular correla- 
tions that, together with the time-dependence, al- 
low to measure cos 2/3 cos Si (i = 1,2) HH, where 
Si are strong phases between the transversity am- 
plitudes. These strong phases prevent the mea- 
surement of sign(cos 2/3). However, in the case of 
the B s system, due to the sizeable lifetime differ- 
ence, there are new terms that can be measured, 
of the form 



-r H t 



-rrti 



Sip cos Si 



(14) 



where, in the SU(3) limit, Si are the same strong 
phases than in the Bd case. The CP phase Sep, 
of 0(A 2 ), can be measured independently and 
then cos Si can be known and hence cos 2/3. SU(3) 
symmetry is a good enough hypothesis since one 
wants only the sign(cos2/3) p8[ . However, a 
drawback of the method is the smallness of the 
CP phase Sip in the Standard Model. 



(iii) Measuring the muon polarization in 
B° d (B° d )(t) - J/tfjf - (ji+fi-XK^cP §• 

Since Penguins are small in this case, the new 
observables @ would in principle allow to mea- 
sure cos 2/3. 

(iv) Interference between K~l, K$ in cascade mix- 
ing in vacuum B d (B d )(t) -> J/^K -> J/* + f K 
where fx is a common decay mode to Kl and K$ 

or using kaon regeneration in matter p(i| . 
In the general case, the decay rate, dependent 
on the angle (3, on the B decay time ts and on 
the proper K decay time tk writes : 



Tp(t B ,T K ) = 



-rati 



(15) 



e -JV(cr T +5- T )L/2 e -iT S T K 



T(K S -» f K ) 



1 1 ass + vaLs\ 2 [1 - sin 2/3 sin AM B tB] 

+ \asL + r\a L L\ [1 + sin 2/3 sin AMsts] 
+2Im [(ass + V a Ls) (asL + J?aLi)*] 
cos 2/3 sin AM B t b 
+2Re [(a S5 + 77a L5 ) (a 5L + iia LL )*] cosAM B t B } 
where 

A(Kl - ) 



(16) 



ctt(ctt) are the total cross sections of if ^ ), L 
is the length of the regenerator, and dy are quan- 
tities that depend on the regenerator parameter 



irN Af 
rriK AA 



(17) 



that defines the new eigenstates in matter Kl + 
rKs and Ks — rK^ (N is the density of scat- 
tering centers, Af = f — / is the difference of 
elastic forward scattering amplitudes of K°(K°) 
and AA = Am K - iAT K /2). The off-diagonal 
terms asi, clls vanish in vacuum. In the linear 
approximation in r one has 

m S s ~ 1 

rush ~ «^ls ~ r [exp(— zAA<5r) — 1] 

fnjjjj ~ exp(— iAA<5r) (18) 
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where St = t± — ti is the difference between the 
proper times t% and ti at which the K hits and 
leaves the regenerator. For B decays the terms in 
sinAMsig and cos AM^ts change sign. 

In vacuum one has asL = clls = L = N — 
St — 0, and a term proportional to cos 2(3 ap- 
pears with the factor rj. For fx = n + ir~ the 
effect is very much suppressed by CP violation 
while rj = I for the semileptonic decay 7r _ e + ^ e . 
However, the method suffers from the fact that 
the semileptonic branching ratio is small. 

The situation is critically improved using Kg 
regeneration in matter. In this case, a term pro- 
portional to cos 2(3 exists even for rj = 0, that is 
proportional to the regeneration parameter, and 
one can use the dominant decay mode K$ — ► tttt. 
To measure sign(cos 2/3) one would need a high lu- 
minosity -B-factory, of the order of 300-600 fb _1 . 

(vi) Measuring photon polarization in 
B° d (B° d )(t) - K*r -> (Jf7r)(e+e-) decays 

The general idea in this case is to use angu- 
lar correlations between the (Kir) and (e + e~) 
decay planes to determine the helicity ampli- 
tudes in the decay B — ► K*j*. The situation 
is similar, although in a different region of the 
dilepton invariant mass, to the well-known case 
B d(B° d ){t) -> K*J/^ -» {Kir)(£+£-) |,| where 
some of the angular correlations allow to mea- 
sure the product cos 2/3 ■ cos S, where 5 is a strong 
phase difference between trans versify amplitudes. 
In the case examined in ref . plj , the lepton pair 
being of pure electromagnetic origin, there is no 
strong phase and therefore one can in principle 
measure cos 2(3. 

3.2. The determination of the angle a with 
help of QCD factorization 

The determination of the angle a is no 
doubtly one of the major goals of dedicated B- 
experiments. Unfortunately, the benchmark de- 
cay mode for this angle, namely B d (t) — > tt + tt~, 
suffers from small branching ratio on the experi- 
mental side p2| , and of penguin contributions on 
the theoretical side p3fl . 

The isospin analysis of all two-pion decay chan- 
nels could in principle disentangle penguin effects 
and allow the extraction of a IM . However such 



a study is very challenging experimentally speak- 
ing |I||,|l8|], and is plagued by high-order discrete 
ambiguitie s |25(| . 

In Ref. [|25| it was shown that estimating from 
theory the modulus of the penguin-to-tree ratio 
with an uncertainty of ~30% at the amplitude 
level may be competitive with the isospin anal- 
ysis, while being much simpler. Recent work on 
factorization in the heavy quark limit ]l4| sug- 
gests that such an estimation is within the reach 
of our understanding. Let us recall briefly the 
basic elements. 

The time dependent CP-asymmetry (Q) of the 
decay is written as 



ddir cos AMt 



1 - a\ h sin 2a eS sin AMt (19) 



where adir is the direct CP-asymmetry while 
sin2a G ff is an observable that reduces to sin 2a 
in the absence of penguins. The decay amplitude 
is parametrized as 



A(B° d -» tt+tT) = e^T + e- i0 P 



(20) 



where the usual phase convention for the CKM 
matrix is used, and where the "tree" amplitude 
T receives contributions from the dominant tree 
diagram as well as it-type and c-type penguin 
topologies, while the "penguin" amplitude P re- 
ceives contributions from t-type and c-type pen- 
guins. We also define the Final State Interaction 
(FSI) phase S = Axg{PT*). 

The angle a is related to the theoretical param- 
eters \P/T\ and 8 and the observables sin2a c ff 
and ddir by the two following exact equations: 



cos(2a — 2a ff) = 



1 



(21) 



1 - 1 - J 1 - Odir C0S 2a eff 



and 



tana = 



1 - -y/1 - Qdir cos2a cS 
adir/ tan S + y/1 - a\ ir sin 2a e g 



(22) 



Once sin2a e ff and adir have been measured, 
Eq. leads to four solutions for 2a if \P/T\ 
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2a (deg . ) 
300 r 




5 (rad.) 



Figure 1. The angle 2a as a function of the ra- 
tio \P/T\ for given values of the CP asymmetries 
(see text). The square dots correspond to the so- 
lutions with \P/T\ = 16 Figure 2. The angle 2a as a function of the phase 

5 for given values of the CP asymmetries (see 
text). The square dots correspond to the solu- 
tions with 6 = 3.25. 



is calculated from the theory. Similarly, Eq. (|22| ) 
leads to two solutions for 2a if 6 is calculated from 
the theory. If both \P/T\ and 5 can be estimated 
with sufficient precision, then in general only one 
value of 2a will satisfy both Eqs. ( ^l| ) and j2^). 
Furthermore, the last discrete ambiguity a — > Tt + 
a can be lifted by looking at the sign of sin 5, 
thanks to the equation 



sign(sina) x sign(sini5) = sign(adir) 



(23) 



Recently, it has been argued that non-leptonic 
decays factorize in the heavy quark limit of 
QCD jl 14 1, which should allow to compute the 
hadronic matrix elements in a model-independent 
way, up to 1/mfc corrections. Assuming for the 
moment that iVtd/Vubl is known, this formalism 
might give explicit predictions for the parameters 
\P/T\ and 5. The procedure of how we get the 
angle a in practice is shown on Figs. ([!])- ([|). 

As an example we assume a — 1.36. We take 
\V t d/V u t\ — 2 A3 and we obtain the observables 
sin 2a e ff and a^ lr from the matrix elements calcu- 
lated in Ref. [111. We find sin2a cff = 0.66 and 




P/T 



Figure 3. The phase 8 as a function of the ratio 
| P/T | for given values of the asymmetries (see 
text). The square dot corresponds to (\P/T\ = 
0.16,(5 = 3.25) as given by factorization in the 
heavy quark limit. 
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Odir = —0.03. The latter numbers will of course 
be replaced by the actual ones once the CP mea- 
surements are available. 

Let us now "forget" the value of the theoreti- 
cal parameters (a, \Vtd/V u b\ and the QCD matrix 
elements) that we have used, in such a way that 
we are only left with the knowledge of the two 
observables sin2a e ff = 0.66 and adir = —0.03: 
hopefully this will be the case in a near future. 
The question we would like to answer is how we 
could extract the value of a from the above ob- 
servables. To this end, we plot the contours de- 
fined by Eqs. @ and @ in the (\P/T\,2a) and 
((5, 2a) planes on Figs. (|l]) and (||) respectively. 
Note that these contours are completely model- 
independent. 

From \Vtd/V u b\ = 2.43 and factorization in the 
heavy quark limit, we find \P/T\ — 0.16: this 
value is reported on the contours of Fig. (Q), and 
four solutions for 2a are determined in this way. 
Of course we have neglected both experimental 
and theoretical errors, and it remains to be inves- 
tigated with which precision 2a can be extracted 
from this approach. The uncertainty on the CKM 
angle depends on the experimental errors and the 
theoretical error on \P/T\. 

Similarly, factorization predicts S = 3.25, the 
value of which is reported on Fig. (g) : this allows 
to select two possible values for 2a. One sees that 
only one value for the CKM angle is compatible 
with both the calculated 8 and \P/T\ (the one 
corresponding tp the upper dot in both figures, 
with 2a — 156°). The remaining a — > a + it 
ambiguity is lifted as indicated above by using 
Eq. ( |23| ) and sin<5 < and a^h < 0: we are left 
with a single value of the CP angle, a = 1.36, i.e. 
the value that we had as input for the calculation 
of the observables. 

The fact that redundant information contained 
in |P/T| and S eliminates spurious solutions can 
be viewed in a different way: eliminating a be- 
tween Eqs. ( |2l| ) and (p2|), we obtain 25 as a func- 
tion of \P/T\, the contour of which is drawn on 
Fig. (|). Any estimation of (\P/T\,25) should fall 
precisely on one of the branches: provided the 
various sources of error are controlled, this plot 
may constitute a good test of the theory. In case 
of a disagreement, this may be an indication of 



either the failure of the hadronic calculation, or 
New Physics. 

Note that the knowledge of the ratio |Vtd/Vub| 
is likely to be affected by still large uncertain- 
ties at the time where the CP experiments give 
first data. Actually, once the Standard Model 
is assumed, it is possible to express both a and 
|Vtd/Kib| in terms of the Wolfcnstein parameters 
p and rj, and solve directly the whole problem as 
contours in the (/?, 77) plane p5| . 

This shows that with the help of the theory, 
the angle a can be determined without any dis- 
crete ambiguity in the general case. Of course, 
beside experimental uncertainties that will give 
some "width" to the contours of Figs. (|l|)-(||), we 
have to handle the theoretical errors associated 
with the calculation of \P/T\ and 5, which both 
receive perturbative and non-perturbative 1/mb 
corrections: the former are in principle calculable 
order by order in perturbation theory, while the 
latter may be much more difficult to control [Q . 

3.3. Conclusion 

We have briefly reviewed part of the great the- 
oretical progress concerning the determination of 
cos 2/3, and re-examined the extraction of the an- 
gle a in light of the recent QCD-based work on 
non-leptonic £?-decays into two light mesons. 
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